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is another threshold for the reversed domain wall motion caused by spin Hall effect. Domain walls with a certain chirality may move opposite to the electron-flow direction with high speed in the current range J Electric manipulation of domain walls (DWs) in magnetic nanowires can be realized by the spin-transfer torque (STT) due to the coupling between local magnetic moments of the DW and spin-polarized currents. 1, 2 Numerous studies on this subject have addressed its fundamental physics, [3] [4] [5] and explored its potential application towards data storage and logic devices. 6 Up until now, however, most studies have focused on the effect of the spin current that is polarized by a ferromagnetic layer.
Another way to generate a spin current is the spin Hall effect (SHE). 7, 8 In ferromagnet (FM)|nonmagnet (NM) bilayer systems, an in-plane charge current density (J c ) passing through the NM is converted into a perpendicular spin current density (J s ) owing to the SHE. The ratio of J s to J c is parameterized by spin Hall angle. This spin current caused by SHE exerts a STT (¼SHE-STT) on the FM and consequently modifies its magnetization dynamics. During the last decade, most studies on the SHE have focused on measuring the spin Hall angle. [9] [10] [11] [12] [13] [14] Recently the magnetization switching 15, 16 and the modulation of propagating spin waves by SHE-STT were investigated. [17] [18] [19] However, the effect of SHE-STT on current-induced DW dynamics has not been examined.
In this letter, we study the DW dynamics in a nanowire consisting of FM/NM bi-layers ( Fig. 1(a) ), where FM has an in-plane magnetic anisotropy and NM has strong spin-orbit coupling (SOC) responsible for the SHE. All currentinduced STTs are included in our study. A charge current passing through the FM generates conventional adiabatic and nonadiabatic STTs, [20] [21] [22] whereas a charge current flowing through the NM experiences SHE and generates SHE-STT on the FM. For the current running in the x axis, the modified Landau-Lifshitz-Gilbert equation including all the STTs is given by
where m is the unit vector along the magnetization, a is the Gilbert damping constant, b J ð¼ gl B PJ F =2eM S Þ is the magnitude of adiabatic STT, b is the nonadiabaticity of STT, h SH c J ð¼ h SH c hJ N =2eM S t F Þ is the magnitude of SHE-STT, h SH is an effective spin Hall angle for the bi-layer system, c is the gyromagnetic ratio, g is the Landé g-factor, l B is the Bohr magneton, P is the spin polarization in the FM, e is the electron charge, M S is the saturation magnetization of the FM, and J F (J N ) is the current density in the FM (NM). J F and J N are determined by a simple circuit model, i.e.,
where J 0 is the average current density in the bilayer nanowire, r F (r N ) is the conductivity of the FM (NM), and t F (t N ) is the thickness of the FM (NM) layer. We assume that h SH is smaller than 1 as is usually the case experimentally. For a nanowire with an in-plane magnetic anisotropy, a net effective field is given by
where A is the exchange stiffness constant, H K is the easy axis anisotropy field along the x axis, and 
. 23 Other components are defined in a similar way. For a one-dimensional DW as shown in Fig. 1(a) , the spatial profile of the magnetization is described by m ¼ ðcosh; sinhcos/; sinhsin/Þ, where sinh ¼ sech½ðx À XÞ=k, cosh ¼ Àtanh½ðx À XÞ=k, XðtÞ is the DW position, /ðtÞ is the DW tilt angle, and k is the DW width. The chirality of DW is characterized by the initial DW tilt angle (/ 0 ¼ 0 or p). By using the procedure developed by Thiele, 24 we obtain the equations of motion for the two collective coordinates X and / in the rigid DW limit,
where 
25 P ¼ 0.7, and k ¼ 30 nm, we find B SH k % 18 to 56, which is not small. Therefore, b eff can be much larger than b unless sin/ is extremely small. Furthermore, it is possible that b eff is even negative if B SH ksin/ < À1.
To get an insight into the effect of SHE-STT on DW dynamics, we derive several analytical solutions from Eqs. (3) and (4) . It is known that DW dynamics in a nanowire can be classified into two regimes, i.e., below and above the Walker breakdown. 26 Below the Walker breakdown, / increases in the initial time stage from the initial tilt angle / 0 ¼ 0 or p and becomes saturated to a steady state value. In this limit (@/=@t ¼ 0 as t ! 1), we obtain
Threshold adiabatic STT for the Walker breakdown (b ¼ caH d k=2ða À bÞ, reproducing the previous result 27 in the absence of SHE.
For jb J j < jb 
Note that v DW depends on the initial tilt angle / 0 . Mathematically, this / 0 dependence of v DW arises since the steady state value of sin/ depends on / 0 . Physically, it originates from the fact that SHE-STT acts like a damping or an antidamping term depending on / 0 . Figure 1(b) shows the schematic illustrations of the nonadiabatic torque (indicated by a blue arrow with solid head) and the SHE-STT (indicated by a red arrow with solid head) in the y-z plane at the center of DW. Here, we assume that electrons flow in þx direction. Let us first consider the case without SHE-STT. For both cases of DW chirality (/ 0 ¼ 0 and p), the magnetization at the center of DW tilts clockwise due to the combined effect of all the torques except the SHE-STT, i.e., the magnetization tilts from its initial direction (indicated by a dotted arrow with hollow head) to a tilted direction (indicated by a solid arrow with hollow head). Then, let us turn on SHE- 
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STT. For / 0 ¼ 0, the direction of the nonadiabatic STT is opposite to that of the SHE-STT. Therefore, the DW can move against the electron-flow when the SHE-STT overcomes the nonadiabatic STT. On the contrary, for / 0 ¼ p, the directions of the nonadiabatic STT and the SHE-STT are the same. In this case, thus, the DW always moves along the electronflow direction. We also remark that for / 0 ¼ 0, the SHE-STT tends to increase jsin/j, thereby enhancing the magnitude of the SHE-STT. Thus, for / 0 ¼ 0, the SHE-STT is expected to lower the Walker breakdown threshold current density. For / 0 ¼ p, on the other hand, the SHE-STT tends to decrease jsin/j, thereby suppressing the magnitude of the SHE-STT. In this case, the decrease of the Walker breakdown threshold current density is not expected. In a special case with b ¼ a, v DW ¼ Àb J so that v DW does not depend on SHE-STT. However, this condition is hardly realized in the bi-layer system that we consider since the strong SOC in NM increases the intrinsic a of FM through the spin pumping effect. 28 When B SH ¼ 0, v DW ¼ Àðb=aÞb J , consistent with the DW velocity in the absence of SHE. 27 Note that in our sign convention, a negative b J corresponds to the electron-flow in þx direction and a positive v DW corresponds to the DW motion along the electron-flow direction. Therefore, when the term in the parenthesis of Eq. (6) ) is given by
For jb J j ) jb WB J j (far above the Walker breakdown), the time-averaged values of sin/ and sin2/ can be set to zero because of the precession of /. In this limit, v DW is determined by Eq. (3) and becomes Àb J so that the DW moves along the electron-flow direction and its motion does not depend on SHE-STT.
Based on the above investigations, there are two interesting effects of SHE on current-induced DW dynamics. First, current-induced DW dynamics is determined by two thresholds, b j < jb WB J j. When this inequality is not satisfied, the DW always moves along the electron-flow direction. For all cases, jv DW j can be larger than jbb J =aj depending on the parameters (see Eq. (6)). Second, v DW is asymmetric against the initial tilt angle / 0 for a fixed current polarity. A similar argument is also valid for a fixed / 0 but with varying the current polarity, i.e., v DW is asymmetric with respect to the current polarity for a fixed / 0 . Therefore, although the condition of jb REV J j < jb J j < jb WB J j is satisfied, the reversed DW motion is expected to be observed only for one current polarity.
To verify the analytical results, we perform a onedimensional micromagnetic simulation by numerically solving Eq. (1). We consider a Py/Pt bi-layer nanowire of (length Â width Â thickness) ¼ (2000 nm Â 80 nm Â 4 nm (Py) and 3 nm (Pt)) ( Fig. 1(a) ). Py material parameters of Figs. 2(a) and 2(b) , respectively. v DW is estimated from the terminal velocity. Here, we test both positive and negative values of h SH since the spin Hall angle can have either sign. 16 Current dependences of v DW (Fig. 2(a) ) and / (Fig. 2(b) ) show close correlation, meaning that the DW tilting plays a crucial role for the effect of SHE on DW dynamics as demonstrated analytically. In Fig. 2(a) (6) is negative in this case, and thus the overall sign of v DW corresponds to the DW motion along the electron-flow direction. We find that the current-induced Oersted field has only a negligible effect on v DW (not shown). Thus, the numerical results confirm the validity of the analytical solutions; the DW moves along the current-flow direction at the limited range of the current (i.e., jb REV J j < jb J j < jb WB J j) when a > b. In addition, this reversed DW motion appears only for one current polarity.
Finally, we remark the effect of SHE on DW dynamics in the nanowire with a perpendicular anisotropy. It was experimentally reported that the DW moves along the current-flow direction with a high v DW (% 400 m/s) in the perpendicularly magnetized nanowire consisting of Pt/Co/ AlO x . 29, 30 We note that this DW dynamics cannot be explained by the SHE only. Considering the materials parameters in Ref. 30 
